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Solution 4.9(6): |z — i| =2 and arg(z-i) =,

-

P(2)

CeRl o
il N
s

NI

The locus of |z - i|=2 is a circle of

radius 2 with the centre at C(0, 1).

Arg (z - i) represents a ray through C,

making an angle of 45°. These two loci

intersect in only one point P(x, y).
CP =2, ZPCN =45°

X = OM = CN = 2cos 45° =\/;
y=PM =PN + NM =2 sin 45° + 1

=\[2_+1
Pis(\[z—,\/;+ 1).

SOLUTIONS OF PROBLEMS: CHAPTER 5

SOLUTIONS: EXERCISE 5.1
Solution 5.1(1): (a) 16x4 -1

= (4x2— 1)(dx2+ 1)

=(2x - DE2x + D2x +i)(2x - 1)

3
(b) 4x2+x+3=4(x2+>+>

4 4
1,2 47
a4

Va1, 1 @
3)

1
=4(x+§ +iT)(X+§—1

(e) x*+x2+1=x4+2x2+1-x2
= (x2+ 1)2 - x2
=2 +x+Dx2-x+1)

=[G+ x=3)" + 2]
N E) V3

3 1 3
=(x+5+ 7i)(x+ E—Ti)x
Vi, 13
2 1)(X - 2 - 7 l)
Solution 5.1(2): We use the Remainder
theorem: When P(x) is divided by x — a, the
remainder is P(a).
P(x) = 2x*+ x2—i=x2(2x2 + 1)-i
When P(x) is divided by x — (1 — 2i) the
remainder is P(1 — 2i).
Nowx=1-2i
vox2=1-4i+4i2=-3-4i
P1-2i)=(3-4i)(-6-8i+1)-i
=3 +4i)5+8i)-i
=15 +44i + 322 —i =-17 + 43i
Solution 5.1(3): Let P(x) = x* + bx3 + ¢x2— x +2
Since P(x) is divisible by x2 — 1, it is divisible
by each of the factors of x2-1, i.e. (x — 1) and
(x + 1). We use the Factor theorem: If (x — a) is
a factor of P(x) then P(a) = 0. Substituting x = 1
P)=1+b+c-14+2=0
b+c=-2 (1)

1
x(x—5+

Again substituting x = -1,
Pl)=1-b+c+1+2=0
b+c=-+4 2

Adding (1) and (2): 2¢ =- 6, givingc=-3

Then from (1): b-3 =-2, givingb=1

Hence b=1and c =-3.

Solution 5.1(4): When P(x) is divided by

(x — 3)(x — 4), the remainder must be of the
form ax + b.
Px)=(x-3)(x-4)Qx)+ax+b (1)
By the Remainder theorem: When P(x) is divided
by (x - ¢), the remainder is P(c).
PB3)=0+3a+b=3
and P4)=0+4a+b=4
3a+b=3 )
4da+b=4 3)
Subtracting (2) from (3): a=1
Then from (2), b =0.
So, from (1), when P(x) is divided by
(x = 3)(x — 4), the remainder is x.

Solution 5.1(5):

Let P(x) = x* — 6x3 + 12x2 - 10x + 3
P'(x) =4x3 - 18x2 + 24x - 10
P"(x) = 12x2-36x + 24 = 12(x — 1)}(x =2)

Since P(x) = 0 has a root of multiplicity 3,

P'(x) has a zero of multiplicity 2 and P"'(x) has

a common zero with P(x).

Now P"(x) = 12(x — 1)(x-2)
P(1)=1-6+12-10+3=0
P(2)=16-48+48-40+3 %0

Hence x = 1 is the triple zero of P(x).
Px)=x*-6x3+12x2-10x+3 (1)
P(x) = (x — 1)*(ax + b)

=(x3-3x2+3x~1)ax + b) (2)

Comparing the coefficients of x3 and the

constant terms of (1) and (2):
a=1,b=-3

Hence the roots of P(x) =0 are: x =1, 1, 1, 3.

247 Solutions of Problems
Soluti E = z* 3+22-1= the Factor theorem x =1+i is a zero of P(x).
i e e ?Iiw the complex zeros of P(x) with real
z=- L - ——3i isaroot of P(z) =0 coefficients occur in conjugate pairs. So,
AN another zero of P(x) isx = 1 —i.
We use the theorem: If z = (a + ib) is a root of The quadratic factor corresponding to these two
P(z)=0,thenz=(a-ib) is also a root of geros is X2 — (1 +1+1—ix + (1 +D(1 -1
P(z) = 0. We form the quadratic e x2_2x 42
- 1 \/? On dividing P(x) by x? — 2x + 2 we have:
22— (z + 2z + 2z where z; =—5—"," 1 2 Sx+ 6
1 x2-2x+2| x* = 7x? + 18x2 - 22x + 12
2, +7) =2x(—5)=—1
x4 - 2x3 + 2x?
Zlil=i+%= 1 _5x3 4 16x2 — 22x
On dividing P(z) by z? + z + 1, we have: -5x3 + 10x2 - 10x
22+ z -1 6x2 — 12x + 12
2+z+1|z4+223+22+0z-1 6x2 - 12x + 12
0
4 3 2
'Z—+Z_3—+Z- P(x) = (x2 — 2x + 2)(x2 - 5x + 6)
i =(x-3)(x-2)(x2-2x +2)
z? +2' +2 Hence the zeros of P(x) are: x =2, 3, 1 £ 1.
-z2 -z -1
2zl SOLUTIONS: EXERCISE 5.2
0 Solution 5.2(1): x} -x2-4x+4=0
P(z) =22 +z+ 122 +z-1) We have:
22+z+1=0o0rz2+2z-1=0 a+pry=1 M
Hence the four roots are - o + By + 70 = — 4 @
1 V3 125 ofy=-4 .
z=—5E LT (a) a2 + P2 +7?
Solution 5.1(7): The conjugate zeros of a = @+P+Y?- 20p + By + YO0)
polynomial with real coefficients occur in —1-2x(4)=9
pairs: (b) We have:
z = -3iandz = 1+ 2i are the zeros of (@ + B + (P +BY + Y0
P@. = o2B + af? + P2y + By? +y’0
. z=3i and z=1-2i are also the zeros v + 30By
of P(2). Substituting from (1), (2), (3) and rearranging:

The quadratic factor corresponding to the
zeros 3i and —3iis (z-3D)[z—(=31)]=22+9
The quadratic factor corresponding to the other
zeros z = 1 £ 2i, is
72— (1 +2i+ 1 -2z + (1 -2i)(1 +2i)
=z2-2z2+5
Hence the required polynomial P(z) of the
lowest degree with real coefficients is:
P(z) = (22 + 9)(z* -2z + 5)
=z4-22% + 1422 - 182 + 45

Solution 5.1(8):

P(x) = x* — 7x3 + 18x2 - 22x + 12
x=1+i, x2=1+2i+i?=1+2i-1=2i
x4=-4

Now P(x) = x* — Tx>x + 18 x2 - 22x + 12
Substituting x = 1 +1i, P(1 + i)

=4 - 7x2i(1 +1) + 361 - 22(1 +i)+ 12
=—4—14i+14+36i—22—22i+12=0

ToB=1x(4-3x(4) =8
(c) Substituting x = a, B, ¥ in the equation
and then adding:
Tod-Yo2-430+12=0
Yol = Ya? + 420~ 12
Using the result of (a) and (1):
Jad=9+4-12=1
(d) We have: x> =x?+4x -4
Substituting x = @ and then multiplying the
resulting equation by a,
o4 = o + 402 - 40,
Adding two similar expressions for B and yto
the last equation we have:
Yot = Yol + 4302 - 430
=1+4%x9-4x1 =33
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Solutions of Problems

1 1 1
(e) a_2+B_2+T2=$+§+Y_2
022 + B2y2 + Y202
o2p2y2
Now a2f? + B2y2 + y2a?
= (Zop)? - 20Ppyo
=16 -2 x (—4) x1 = 24
24 3
16”2
Solution 5.2(2): The roots of
x3-7x2+14x-8= 0 areinG. P.

Yo?

b
Let the roots be: o="" B=b, y=br,
being in G.P.
b
ocBy=;-b-br =b3

Now ofy = product of the roots = 8
b3=8,s0b=2
Hence one root of the equation is equal to 2.
We divide the left hand side by (x — 2)
x2 - 5x + 4

x—-2| x3-7x2+ 14x - 8

Lf’_—2x2
—5x2 + 14x
—5x2+ 10x
4x — 8
4x — 8
0

x3—7x2+ 14x -8
=(x-2)(x2-5x+4)
=(x-2)(x-1)}x-4)

Hence the roots of the given equation are:

1, 2, 4.
Solution 5.2(3): 6x3 - 17x2-5x +6=0
17
We have: a+B+y=€ 0y

6
ofy = product of the roots = — 6= -1

Now aff =-2
-2y=-1 ,i.e.y=15
We divide the equation by (2x — 1)
3x2 ~-7x - 6
2x - 1| 6x3 - 17x2-5x + 6
6x3 — 3x? '
— 14x%2 - 5x
- 14x2+ 7x
12x + 6
-12x + 6

0

6x3 —17x2-5x + 6
=2x-1DBx2-7x -6)=0
Now 3x2-7x—-6=(3x +2)(x - 3)
Hence the required roots are x = %, 3, - %
Solution 5.2(4): x> +px? +qx+r=0 ¢}
Let y = x2, so that when x = a, B.7,
y=0a?, B2 72
We write Equation (1) so that the odd powers of
X are on one side:
x(x2+q)=-—px?-r
Squaring both sides
x2(x* + 2x2q + q2) = p%x* + 2prx? + 12
Substituting x2 = y
y(y? + 2qy + g2 = p?y2 + 2pry + 12
or y>+(2q-pAy*+(q*~2mp)y 1> =0
is the required equation whose roots are

02, B2 and 2.

02 +B2+y=-(2q-p)=p*-2q (2
and 02B2 + B2y2 + Y22 = @ - 21p 3)

Solution 5.2(5):

x4 —2x34+4x2+6x-21=0 1)
x = aandx = B =-o satisfy (1)

gt -203+402+600-21=0 )
and o4 +203 +402-60.-21=0 ?3)

Adding (2) and 3): 2(o* +402-21)=0
@2+ D(e2-3)=0
oa=+N3 ora= :!:i'\/7
o=V3andpP=- \/;both satisfy Equation

(), but a = i\/7does not satisfy (1).
We divide the equation by x? — 3, then:
X2 - 2x + 7

x2—3|x4—2x3+4x2+6x—21

x4 — 3x2
=2x3 +7x% +6x
-2x3 + 6x
7x2 -21
Tx2 - 21

0
The other two roots of the equation are
givenby: x2-2x+7 =0

S T TN

2
Hence the required roots are:

x=i\/;, lzti\/g

Solution 5.2(6): x> —px2 +qx-1=0
Let the roots be a—d, a, a + d, so that they are
inA.P. ». a-d+a+a+d=p
3a=p ora=§ D

Continued

X=a= %satisﬁes the equation.

P PP

27 P9 a3 1=0
This simplifies to

2p*-9pq +27r=0 @
which is the required condition for the equation
to have roots in A. P.
To solve the equation

x3-12x2+39x-28=0 3)
we note thatp=12,q=39,r=28
Substituting in L. H. S. of (2):

2% 1728 -9 x 12 x 39 + 27 x 28,
this is equal to zero, so Equation (3) has
roots which are in A. P. From (1) one root is

12
22,
We divide the L.H.S. of the equation by (x — 4)
x2 — 8x+ 7
x—4| x3-12x2 + 39x - 28
x3 —4x2
- 8x% +39x
-8x% + 32x
7x —28
Tx — 28
0

Now the roots of x% — 8x + 7 = 0 are given by

x=-NEx-1)=0,ie.x=10r7.
Hence the required roots are 1, 4, 7 which are
clearly in A. P.

Solution 5.2(7): Let P(x) = 2x3 —9x2 + 12x + k

dP
then =6x2-18x + 12

dx
=6(x-2)(x-1)

. dp
Since P(x) has two equal zeros, < and P(x)

must have a common root.
dP .
Nowa=0g1vesx= 1or2.
If x = 1 satisfies P(x) = 0, then
2-9+12+k=0, giving k =-5.
If x = 2 satisfies P(x) = 0, then
16 -36 +24 +k =0, givingk =4
When k = -5, we write
P(x) = (x — 1)%(ax + b)
=(x2-2x + 1)(ax + b)
Comparing with P(x) = 2x3 - 9x2 + 12x - 5
a=2,b=-5
Hence the three roots for k = -5 are
x=1,1, 5
Again when k = —4, the equation

P(x) =2x3 - 9x2 +12x — 4 1)
= (x - 2)%(mx + n)
= (x2 - 4x + 4)(mx + n) ¥)

Comparing the coefficients of x3 and the
constant terms in (1) and (2),
m=2,4n=-4orn=-1
1
For k =4, the roots are x = 2, 2, 5
Hence the two values of k are — 5 and — 4 and
the corresponding roots are:

5 1
(1, 1,5) or (2, 2, 5)
Solution 5.2(8):

x4 -8x3+21x2-20x+5=0 ¢))
We have o+ B =y +8 2
Now o +PB+y+d=8

Using 2), 00 +Pp=y+6=4 3)

Let af =m and Y0 = n, then
xX2—(@+Bx+af=x2-4x+m
and x2—(y+8)x+Yd =x2—-4x+n
Hence
x4 —8x3 +21x2-20x + 5
= (x2 - 4x + m)(x%2 — 4x +n)
Comparing the coefficients of like powers of x,
we have: 4(m+n)=-20and mn =5
m+n=5andmn=>5
m and n are the roots of y2— 5y +5=0

s+vs

y= 2

Hence the two quadratics are:

5+\/;
2 _)=0
5—\/5

and x2 - 4x + ( 5 ) =0 )

@

Solving (4) and (5) the required roots are:

4£\/ 16-2(5+\'5) ’ 4¢\f 16-265-\5)
2 2
4J_r\( 6-2\'s 4J_r\/ 6+2\5
2 ' 2

Now 6 + 2\/;= ('\/;il)2, Efnce the required
3:Vs5 545
2 2

Solution 5.2(9): x* +px®> +gx2 +x +s=0 (1)
Let the roots bea—3d,a-d,a+d,a+3d
sum of the roots is
a-3d+a-d+a+d+a+3d=-p

1.€.

roots are:

a=-, 2

2oB=of +oay+od+pPy+pd+yd
Substituting for o, B, Y and §,
Yop =6a2-10d2=q Continued
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Substituting for o, B, y and 9, z=N2i%(l- \/;)
Yop =6az-10d* = Continued
Sl =1-(V2+ V)i, -1+ V3-2i
Using a = - i 6‘% -10d%2=q Solution 5.3(2):
3p2— 8 x*+mx3+ 13x2+nx -36=0 M
dz2 =Tg 3 Denoting the L.H.S. of (1) by P(x), and using

Sopy=opy+ apd +oyd + Pyd
Substituting for o, B,y and §,

Yopy=4da(a’~5d%) =-r O]

ofyd = (a>- d?)(a2 - 9d?) = s (5)
The required conditions are obtained by putting
the expressions for a and d? in (4) and (5).
These are: p> —4pq + 8r=0 (6)
and (36q - 11p?)(4q + p?) = 1600s
For the equation:

x4+ 2x3-21x2-22x +40=0

1
Ja=4a=-2, givinga=——5
Sop = 6a2— 10d2 = — 21
6
2—10d2=—21
@=2 givingd =12
=, givingd=%7

Hence the roots are: -5, -2, 1, 4, which are
clearly in A. P.

Solution 5.2(10): x> +3x+9=0 6))

X3 =—3(x +3) @)

Substituting x = o
o’ =-3(0 +3)

Cubing both sides:

o =-27(03 + 902 + 270 + 27)

Adding to this the similar expressions

for B and y
Yol = 27303 + 902 + 2730 + 81)

Now from (2)

TP =-3Ca+9)

From (1), Yo =0, hence 202 =-27 (3)
Zoc2=0c2+[32+72
=(@+B+Y?-2Zafp=0-2x%3
=—6 @
Yol =-27[-27 + 9x(-6) + 0 + 81]
=-27%x0=0
o’ +B°+¢y =0

SOLUTIONS: EXERCISE 5.3

Solution 5.3(1): z2 + 2\/;iz + 2\/;i =0

Using the quadratic formula

z_—bi\/b2—4ac_—2\/;i:t'\/ —8—8\/;

2

2a
=-\2i+ \J—2—2\j;i
Now, —2—2\/;i=(1—\/—3_i)2

the given data that x = 3 is a double root of (1),
P(x) and P'(x) have a common zero x = 3.
Now P'(x) =4x3 + 3mx? +26x +n ¥)
x = 3 satisfies (1) and (2)
81 +27m +117+3n-36=0
and 108 + 27m +78 + n=0
These simplify to

27m +n=-186 3)
27m + 3n =-162 4
Subtracting (3) from (4):
2n = 24 giving n = 12
198 22

and from (3) m=-—o " =-"g
Solution 5.3(3): We have x4 —3x2+2x -1
=Ax(x-DE-2)(x-3)
+Bx(x-1D(x-2)+Cx(x—-1)
+Dx +E ¢

(1) is an identity, so we may substitute any

suitable value of x in (1). We select those

values of x, which make most of the R.H.S

vanish. Put x =0, 1, 2, 3 in succession, then

whenx=0, -1=E or E=-1, 2
whenx=1, 1-3+2-1=D+E
D+E=-1,s0D=0, 3

whenx=2, 16-12+4-1=2C+2D +E
2C+2D+E=7, 2C+0-1=7
C=4, )]
whenx =3, 81-27+6-1
=6B+6C+3D+E
6B +6C + 3D + E=59
6B+24+0-1=59
B=6 &)
It is easier to compare the coefficients of x* on
both sides of (1), then substitute any
value of x.
s A=l ©)
Hence, A=1,B=6,C=4,D=0,E=-1
You can also find the values of A, B, C,D, E
by comparing like powers in the two sides of (1).
Solution 5.3(4): Since P(x) has a triple zero
X = ¢, we can write P(x) = (x — ¢)*Q(x),
where Q(¢) #0.
P'(x) = 3(x - ¢)2Q(x) + (x - ¢)*.Q'(x)
= (x —¢)2[3Q(x) + (x ~c)Q'(x)]
Hence P'(x) has a double zero x =c.
For simplicity, we let
R(x) =3Q(x) + (x —¢)Q'(x)

P'(x) = (x — ¢)?R(x) Continued

P"(x) = 2(x — ¢)R(x) + (x — ¢)*R'(x)
= (x - ¢)[2R(x) + (x -~ c)'R'(x)]
Hence x = c is a zero of P'"(x).
Thus x =c is a zero of P(x), P'(x) and P''(x) if
P(x) has a triple zero.
Solution 5.3(5): When x3 + px + q is divided
by (x — 2)(x + 3), the remainder is 2x + 1.
P(x) =x3 +px + = (x = 2)(x + 3)Q(x)
+2x+1 a1
(1) is an identity, so when x = 2,
P2)=8+2p+q=5
x=-3,P(-3)=-27-3p+q=-95
These simplify to:
2p+q=-3
and -3p+q=22
Subtracting 5p = - 25, givesp=-15
Hence-10+q=-3 sooq=7
Solution 5.3(6): P(x) = x> —px2 + q ¢))
If P(x) has a multiple zero, then P(x) and P'(x)
have a common zero, say X =C.

S—-pc2+q=0 2)
5¢4~2pc=0 3
5¢3
c#0,so0from(3)p= —2“ “@
5¢3

Substituting p = Py in (2):

5
c5—505+q=0

s 2
=34 (5)

2
From (4), ¢3 = ?p

2
o= (D
2443
me(ﬁ,d5=(§)

3=
5 3
Simplifying, 108p> =3125q3,
which is the required condition for P(x) to have
a multiple zero.
Solution 5.3(7):
LetP(x)=x"+mx-b=0 @
If P(x) has a multiple zero, then P(x) and P'(x)
have a common zero, say X = C.
c"+mc-b=0 2

m
ncl+m=0 orc™t=-"" 3)

mc

Multiplying by ¢, ¢"=- o

Substituting in (2)

mc
——+mc-b=0
n

bn
= m(n - 1)
el = [;lﬁ]n ' @)
From (4) and (3):
bn—l.nn-l I‘ﬂ
n

C

mn-1.(q —~ 1)n-1 -
m p-!
This simplifies to (;)n =

- (n-— 1)n-1
m, n b (n-1

o O =D =0,

which is the required condition for

X" + mx —b =0 to have a multiple root.

Solution 5.3(8): x3-x-1=0 ¢))

o, B, y are the roots of Equation (1).

To find the equation whose roots are of the

+ O 1 +x
form rlety = » so that when
1-a 1 -x
1+o
X=0YT o
1 +x
Fromy=ﬁ,y—xy=1+x
y -1
x=y+1

Substituting in (1):
y-1 ,y-1
(y + 1) —(y + 1)—1=0
Multiplying by (y + 1)
Y-1P-G-Dy+D* - +1)Y=0
This simplifies to:
y3+T7y¢-y+1=0.
We may replace y by x; then the required
equation is
XB+Tx2-x+1=0.
Solution 5.3(9):

yi

O]
x
\
LL-
ok
O
"

(Fig. 1 (Fig. 2)

@ Px)=x’-5px+q 4}
P'(x) = 5x* - 5p = 5(x* - p) 03}
If p < 0, P'(x) can never vanish, hence P(x) has
no turning points.
P(x) > o as x = oo and
P(x) > —asx = —o0
Continued




So P(x) has at least one real root in the interval

(oo, o0). Looking at Fig. 1 and the above
information, we can state that if p< 0, then
P(x) has only one real zero.
(b) The stationary points of P(x) are given by

P'x)=0

x*-p=0
This equation has real roots if p > 0.
Let p = a4, then

xt—at=(x2-at)(x2+a2) =0

There are only two turning points given
by x=z%a =ip1/4.
For 3 real roots, these turning points must be
on opposite sides of the x-axis.
Now P(x) = x(x* - 5p) + q

P(a) = a(a* - 5a*) + q=q — 4a°
Similarly P(-a) = q + 4a°
Using the fact that P(a) and P(—a) are of
opposite signs, P(a)-P(-a) < 0

(q —4ad)(q +4a%) <0

q%-16al®< 0

g2 < 16al0 q* < 256a%0
Substituting a* =p, q* < 256p3,
which is the required condition for P(x) to have
3 distinct real roots.

T —

Solution 5.3(10):

Px)=x3-x2-5x-1=0 1
P'(x) =3x2-2x-5=(3x - 5)(x + 1) |
The turning points of P(x) are given by |
Bx-5)(x+1)=0
5

3
NowP(-1)=-1-1+5-1=2

X = orx =-1

5 202
PCR)=="7  PO)=-1

yf\

/\o 5/3 /

X

\\.
N
L

The two turning points

5 202
P(3:-5;) and QC-1,2)
are on opposite sides of the x-axis, so the curve
y = P(x) intersects the x-axis in 3 distinct
points and hence P(x) has 3 distinct zeros.

SOLUTIONS OF PROBLEMS: CHAPTER 6

SOLUTIONS: EXERCISE 6.1

Solution 6.1(1):

The equation of the normal; at P(2ap, ap?) is
X + py = 2ap + ap? 0))
Putting x = 0, y = 2a + ap?
Nis (0, 2a + ap?), Sis (0,a)

M is the mid-point of NS.
3a + ap?
M is (0, Tp)
P(2ap, ap?), D(0, -a)
3a + ap?
DM=D0+OM=a+T
5a + ap?
DM =T 2

MP? = (2ap)? + (ap?

2_3
= 4a?p? + (%)2

10a%p? + a2p? + 9a?
= o ©)
Hence, from (2) and (3):
25a2 + 10aZp? + aZp*
DM? - MP? = 4 P P

2,2 2
~ 10a?p2 + aZp* + 9a _4g?
4
s DM?-MP?=4a2,
Solution 6.1(2):(a) Let P(x;, y;) be the point
(2ap, ap?) and Q(x,, y,) be the point (2aq, ag?).
The equation of the chord PQ is:
,_2p2-aq’
2ap - 2aq
This simplifies to:

3a + ap?\2
T2

y—ap (x —2ap)

1
y=5(@+ax-apq
If this chord passes through the focus S(0,a),
then: a=-apq
Multiplying by 4a

Continued




