SELF-TESTING EXERCISE 4.1 (For complete solutions see page 233.)

1
1. Write the following as imaginary numbers: (a) 3V -25 (b) 3\} -7 ©N-12

1 i 1 i
2. Simplify: (@) G+1)+(-2-3i) b 2-i)-(5-20) (© (E_ 5) + (5 + 5)
3. Multiply and answer in the form a + ib
(@) Y-3x \/ -12 () @)GBI) @) A-dd+1) (@ 2-31i)?
4. Divide and answer in the form a + ib

2 - 3i _5 - 4i 3-2i , Lr2i
@1 2 O © 75 @ 5

5. Findx andyif (x —iy)? =<2V 3 —2i

z + 1
-1

6. If z = x + iy, express in the form a + ib.

7. Find the quadratic equation whose roots are 2 +i and 2+

2
1 -1i
9. Solve the following pair of equations for z and w:
R+1)z+2-Dw =1 and 2-i)z+QR+i)w = 2

1
10. Given z = 1+i,find: (a) z2 (b) z4 © ;+z2

8. Solve the following for z: . 1+i+

SELF-TESTING EXERCISE 4.2 (For complete solutions see page 234.)

1. Express each of the following complex numbers in the mod-arg form:

5
@ z=4, (b) z=-4,() z=4i, @ z=2+2i () z=7_%

2. Express the following in the form a + ib:

2 2
@ 2(cos g +1sin g) ®) 2[cos (_?n) +isin (- ?n)]
3. Simplify each of the following:
T

3 3
@ [2(cos 7n+ i sin Tﬂ)]2 x [5(cos 4 —isin g)]z

3 3
) [2(cos Tn +1isin Tn)]2+ [5(cos g —isin 45)]2

4. Express \/?+ i,1-i,1+ \/;i, \/3 —1 in mod-arg form and find
3+ -1

=— inthe rcis @ form.
1+V3p3-1i)
5. Prove that [r(cos 8 +isin 0)]> = r3(cos 30 + i sin 30)




SELF-TESTING EXERCISE 4.3 (For complete solutions see page 235.)

1. Ifz = 1+1,evaluate z8 and z-8

[3(005% + 1 sin %)]6

2. Simplify to the form r cis 0:
[2(cos u + 1 sin ’E)]z
3 3
3. Simplify to the form r cis 0: (1 + \[3.i)3+ (1 —1)4
Express (a) cos 56, (b) sin 56, in terms of cos © and sin 6 and hence express tan 56 in
terms of tan 0.

T

2
5. Express cos ¢ 0 in terms of cosines of multiples of 6, hence find Icos‘s(-) do
0

6. Show that (1 + cos 20 + i sin 26)? = 20 cos™ 6(cos n6 + i sin nb)
1-z4
7. Provethatl +z+2z2+23= 1z Use this result and z = cos 6 + i sin 6

1 sin 79/,
to prove that: 1+ cos 8 + cos 20 + cos 30 = 5 1+ —_sin 6/, )

8. Find the modulus and argument of z where z = R Find the smallest positive integer n

such that zb is real, hence evaluate z" for this value of n.
1+sin@ +icos®

9. Prove that ) ) = sin 0 + i cos 0 and hence deduce that
1 +sin® —icos©
. T T\s ) . s
(1+sm§'+1cosg) +1(1+sm5—1coss) =0

10. Find the smallest positive integer m such that:

@B +im = @3 —im

SELF-TESTING EXERCISE 4.4 (For complete solutions see page 237.)

Find the square roots of: (a) 1, (b) 2+2i

Find the three cube roots of \[3_ + 1 and indicate them on an Argand diagram. Find the
area of the triangle formed by the points representing these roots.
Solve for z in the form a+1ib: z2-(2-i)z -2i = 0

Find all the six roots of z6 = —i and show these on an Argand diagram.




SELF-TESTING EXERCISE 4.5 (For complete solutions see page 238.)

Show that: (@ z + ai = z—ai, (aisreal),
(2 +1i)? zi Z
Chraernt LR 5 R

If z=x+iy and w = 1 +1i, prove that (z— w)(Z — W) = 1 represents a circle of radius
1 with the centre at the point (1, 1). (Hint: Expand and substitute.)

1
. (@ If z = cos O + isin 0, prove that ; =7Z = cos0—1isino,

(b) If zy = coso+isina, z;= cosP+isinfP, zz=cosy+isiny and

1 1 1
z1+2p+ 23 = 0, then provethat — + — + — = 0.
Zy, Iy 73
. 1 1 1 L
(Hint: Use part (a) to transform z— + z— + z— to Z1+zZ2+23.)
1 2 3

Oy/ . 0 i )
(@) Provethat1—cos®+2isin® = 2sin (5)(sm , + 2icos 5)

1-2i cot (3)

5+3cos 6
(Hint: Use (a), then rationalise the denominator.)

(b) Prove that (1 - cos 0 + 2i sin 8)~! =

Solve the equation forz:  z? = iz

SELF-TESTING EXERCISE 4.6 (For complete solutions see page 240.)

o is the complex root of z6 — 1 = 0 with the smallest positive argument.
(a) Prove that o, ®2, ®* and ®5 are the roots of z4+ + 22+ 1 = 0.
(b) Find the quadratic equation whose roots are ot = @ + @° and = ©? + 0%

Ifz = a+ib isasolutionof z3~1 = 0, prove that z = a - ib is also a solution,

(@) Solvez>—1 = 0 by De Moivre's theorem. Show these roots on an Argand diagram..
(b) Provethat (z—-1)(z4+2z3+22+2+1) = z5-1.

(c) Solve the equation: z4+2z3+2z2+z = —1.
2n 4T
(d) Deduce that cos? and cos ? are the roots of 4¢2 + 2¢ -1 = 0.

2n 4T 1

(e) Prove that cos ? + cos “5— = - 5



SELF-TESTING EXERCISE 4.7 (For complete solutions see page 241.)

1. (a) Factorise z3 + 1 into linear and quadratic factors.

U 3n .
(b) Prove that z5 + 1 (z+ 1)[z2 —2co0s (g)z + 1] [22 — 2cos (?)z + 1] Continued

(c) Prove that z15 + 1 = (z3+1)(z12 — 2% + 26 — 23 +1)

m 3
= (z+ 1)(#2-z + 1)(z6- 223 cos P 1)(z6 — 223 cos 5 +1

76

2. Prove that =75+ 2%+ 23 + z2 + z + 1 and hence solve the equation

z -1
+24+23+22+2+1=0

3. Showthatz4+1 = (z2+ \/E—z +1)(z2 - \/;z + 1), hence solve

z*+1 = 0 by two methods.
~b+Y\b2- 4ac

o )

4. Solvez4-272+4 = 0 (Hint: use 22 =

5. Find the six roots of z6 + 223 + 2 = 0.

SELF-TESTING EXERCISE 4.8 (For complete solutions see page 243.)

1. Find graphically: (@ z1+2zy given z; = 2 + i and Z =1+ 2i
(b) z1—z, given z; = 4 + 2i and Zy = -2 +1i
2. GivenP(z=x +iy)inan Argand diagram, draw the vectors
@ wy=z-3, (b) wy=2z2+3, (©) w3=z+3+2i, ending atP.
3. OPQR is a square in an Argand diagram where O is the origin. P represents
z = 2(cos 60° + i sin 60°),
Find the complex numbers represented by Q and R.
4. Prove geometrically: {zl - z2'2 + }zl + 22‘2 = 2}21’2 + 2}22‘2. What is the
geometrical meaning of this result?




SELF-TESTING EXERCISE 4.9 (For complete solutions see page 244.)

Describe the locus of z represented by the following equations. Sketch and find the Cartesian
equations of these loci:

21 . i
@ agz-2) = 5> ® |z-1 =2 © |z - 2| =]z +2i,
@ |z - 2| = 9z +il.
Sketch the regions in the complex plane which satisfy the following conditions:

T
@ |z+2+3i <2 (b) 0<arg 2 +2) < 3,

© 2<|z[<5 and §Sargzs§, @ 25<|z/<3 and m@21.

Find the locus of w, where z is restricted as indicated:
i
wW=z-" if’z‘ =2,
z

Z 1
Find the locus of zif w = Z+ 2 and argw = 6

Sketch on an Argand diagram the locus of z described by the equations:

(a) arg (z - i) — arg (z +1) =§, B)Re(z+2)= |z - 2|.

T
Sketch the loci given by each of the two equations lz - i. = 2 and arg(z-1) = g Find

the complex number that satisfies both of them.




